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Abstract
We investigate the connection between stress-energy tensor (SET) arising from Noe-
ther’s theorem and Belinfante SET which can be obtained as a right-hand side of the
Einstein’s equation in the flat metric limit. This question is studied in the wide class of
Poincare`-invariant field theories with actions which depend on the tensor fields of arbitrary
rank and their derivatives of arbitrary order. For this class we derive the relation between
these SET and present the exact expression for the difference between them. We also
show that the difference between corresponding integrals of motion can be expressed as a
surface integral over 2-dimensinal infinitely remote surface.
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1 Introduction
It is well known that a wide class of field theories satisfies Noether’s theorem which states that
there is a correspondence between global symmetries of the action and conserving integrals
of motion [1]. For example, translation invariance of the theory corresponds to the energy-
momentum vector. In the simplest case of scalar field ϕ with action depending on the fields
and their first derivatives the density of this vector have the following form:
T µν = ∂L
∂∂µϕ
∂νϕ− δµνL; ∂µT µν = 0, (1)
where L is the Lagrangian density. This quantity is called Noether or ”canonical” SET.
The integrals of motion arising from Noether’s theorem are usually observable and have
clear physical meaning. However, in general their densities do not adopt these properties. The
good example of this issue is an ambiguity in the definition of gravitational energy density, the
well known problem of non-localizability of energy in gravity [2]. Another possible obstacle
connected with Noether SET is that, generally speaking, it is not symmetric. This fact leads
to a lack of the simple relation between it and angular momentum tensor (see [3], §7.4). Due
to all these problems, one also use another SET defined as the following:
Tµν = − 2√−g
δS
δgµν
∣∣∣∣∣
gµν=ηµν
; ∂µT
µν = 0, (2)
where S – action of matter coupled with gravity, gµν – spacetime metric, ηµν – Minkowski metric.
This tensor is called Belinfante SET (Hilbert SET or metric SET). It appears to be symmetric
by definition and observable because it is exactly the right-hand side of Einstein’s equation.
It is worth noting that the correspondent conservation law follows from the satisfaction of the
matter equations of motion and from the prescription of general covariance of the action of
matter coupled with gravity.
In the papers [4, 5] it was noted for the first time that Belifante and canonical SET are
connected by the following relation:
T µν + ∂αBαµν = T µν , Bαµν = −Bµαν . (3)
It should be noted that the structure of their difference guarantees the fact that the corre-
spondent integrals of motion differ from each other by the surface integral over an infinitely
remote 2D spacelike surface. In the papers mentioned above the authors proved this relation
for theories with first derivative Lagrangians. In the following years the relation between SET
have been generalized for second derivative Lagrangians (for example [6]; see also [7]) and also
for first derivative Lagrangians with arbitrary transformation properties of the fields [8].
The present paper investigate the relation between Noether SET and Belinfante SET for
Poincare-invariant theories with actions depending on tensor fields and their derivatives up to
an arbitrary order n. We will show that in this case the relation (3) still holds true but the
additional term Bαµν is no longer antisymmetric over first two indices. Then we will show that
despite this fact, the correspondent integrals of motion turn out to differ from each other by a
surface term.
2
2 The proof of the relation between Noether and Beli-
fante SET
Consider the Poincare`-invariant theory of the fields ϕA (for shortness we will use multi-index
A ≡ µ1...µn) with Lagrangian density depending on fields and its derivatives up to the nth
order:
L(ϕA, ∂α1ϕA, ..., ∂α1 ...∂αnϕA). (4)
Since the Lagrangian density L has no explicit dependence on coordinates, this theory is in-
variant under spacetime translations. Hence, as it was mentioned in the Introduction, there
are 4 integrals of motion which are defined by 0µ-components of Noether SET T τ θ. It’s easy
to show that for theory with Lagrangian (4) the expression for Noether SET can be written as
follows:
T τ θ =
n∑
j=1
j∑
i=1
(−1)i+j
(
∂τi+1 ...∂τj
∂L
∂(∂τ∂τ2 ...∂τjϕA)
)
∂τ2 ...∂τi∂θϕA − Lδτθ . (5)
Hereafter we assume that ∂αk ...∂αm equals to ∂αk if m = k, equals to 1 if m = k− 1 and equals
to 0 if m < k − 1.
Noether’s theorem proof (i.e. proof of the fact that (5) satisfies differential conservation
law (1)) is based on the consideration of Lagrangian variation with respect to global infinites-
imal translation. Application of this method in case of curved spacetime, where translational
symmetry has become local, can lead to some new useful equations. In particular, one of
these equations is somewhat analogous to formula (3) in the limit gµν → ηµν . So, first of all,
one needs to define the so called form variation with respect to infinitesimal local coordinate
transformation xµ → x′µ = xµ + ξµ(x):
δ¯q(x) = q′(x)− q(x). (6)
Its easy to show that form variation of tensor field ϕA is equal to
δ¯ϕA = −ξα∂αϕA − (∂µ1ξα)ϕαµ2...µk − (∂µ2ξα)ϕµ1αµ3...µk − . . . . (7)
Note that this equation is not valid for spinor fields and this case requires specific approach.
For further consideration it is also useful to calculate the form variation of metric gµν :
δ¯gµν = −Dµξν −Dνξµ (8)
and form variation of a scalar density Lˆ which can be written as
√−gL (here g is a determinant
of gµν and L is a scalar):
δ¯Lˆ = −∂α(ξαLˆ). (9)
Now we come directly to the proof of the formula analogous to (3). As it was mentioned
above, one needs to include certain minimal coupling with gravity in theory (4). As a result,
new Lagrangian density depends on the following arguments:
Lˆ(ϕA, ∂τ1ϕA, . . . , ∂τ1 ...∂τnϕA, gµν , ∂τ1gµν , . . . , ∂τ1 ...∂τngµν). (10)
Since it is a scalar density, its form variation is given by (9). On the other hand, the form
variation δ¯ has the properties of differentiation and hence δ¯Lˆ can be expressed as a linear
3
combination of (7),(8) and their derivatives. Coefficients of this combination are the derivatives
of Lˆ with respect to ϕA, gµν and their derivatives. Using this fact together with equations of
motion and the definition of Belinfante SET(2) and taking the limit gµν → ηµν in the appearing
equation one can obtain the following:
∂τ
n∑
j=1
j∑
i=1
(−1)i+j
[(
∂τi+1 ...∂τj
∂L
∂(∂τ∂τ2 ...∂τjϕA)
)
∂τ2 ...∂τi
(
ξα∂αϕA + (∂µ1ξ
α)ϕαµ2...µk + . . .
)
+
+2
(
∂τi+1 ...∂τj
∂Lˆ
∂(∂τ∂τ2 ...∂τjgµν)
)∣∣∣∣∣
gγδ=ηγδ
∂τ2 ...∂τi∂µξν
]
− ∂α(ξαL)− T µν∂µξν = 0.
(11)
Since ξµ and its derivatives are linearly independent at the every point, the Equation (11) is
equivalent to a system of n+2 equations which can be found by setting to zero the coefficients
of ξµ and its derivatives.
It’s easy to show that first equation in this system is exactly the differential conservation law
(1) for Noether SET (5). Its appearance in system arising from (11) is not unexpectable because
the application of Noether’s theorem leads to the particular variant of (11) for ξµ = const. The
second equation in this system leads to the abovementioned relation between Noether’s and
metric SET:
T βα − T βα = ∂τBτβα, (12)
where
Bτβα =
n∑
j=1
[
j∑
i=1
(−1)i+j
(
∂τi+1 ...∂τj
∂L
∂(∂τ∂τ2 ...∂τjϕA)
)(
(i− 1)δβτ2∂τ3 ...∂τi∂αϕA+
+δβµ1∂τ2 ...∂τiϕαµ2...µk + . . .
)
+ 2(−1)j+1
(
∂τ2 ...∂τj
∂Lˆ
∂(∂τ∂τ2 ...∂τjgβα)
) ∣∣∣∣∣
gγδ=ηγδ
]
.
(13)
This quantity is similar to one in (3) with only difference that it is not necessarily anti-
symmetric over first two indices. Hence one can not guarantee that difference between the
energy-momentum vectors corresponding to T µν and T µν equals to the surface term except the
case with n = 1. Nevertheless, one can use the rest of the equations in system (11) in order to
show that B00α admits the following representation:
B00α = −∂k
n∑
l=2
(−∂0)l−2Nkα(l) , (14)
where an explicit (though quite cumbersome) expression for Nkα(l) can be written using the left-
hand side of l-th equation in the system that was mentioned after (11). Therefore the difference
between the energy-momentum tensors which can be calculated from T µα and T µα respectively
by integration of its 0α-component over 3-dimensional surface t = const is equal to the surface
integral over 2-dimensional infinitely remote surface:
P α −Pα =
∫
d3x ∂τB
τ0α =
∫
M
dSk
[
Bk0α +
n∑
l=2
(−∂0)l−1Nkα(l)
]
, (15)
where we used (14) and Gauss’s theorem.
4
3 Conclusion
We have shown that in Poincare`-invariant field theory with nth derivative Lagrangian the
Belinfante SET T µν and the Noether SET T µν are connected with each other by the formulae
(12), (13). While Bαµν is anti-symmetric in the case of n = 1 which is disscused in details in
the original works [4,5], in the most general case of arbitrary n the quantity Bαµν doesn’t have
this property. Instead of it, a weaker condition (14) is satisfied which nevertheless leads to the
similar result: the integrals of motion are related to each other through a surface term, see
(15).
The relation obtained can be used for proceeding from the definition of energy density in the
canonical formalism, which is closely connected with quantum theory, to its definition through
Belinfante SET, which can be observed by its coupling with gravity. This can be helpful in a
number of situations where application of the definition of energy density is needed.
The result can be also useful in the searching of correct definition of gravitational energy in
the modified theories of gravity. This question was studied in [9] for the so-called embedding
theory [10–13]. It was shown that for a variant of embedding theory as a field theory in flat
space with high order derivatives [14] the definition of gravitational energy as a Belinfante SET
gives non-trivial result even for solutions of Einstein’s equations. At the same time, Noether’s
SET appears to be zero for these physically interesting solutions.
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